The containment control problems of nonlinear multiagent systems with time-delay via impulsive algorithms under both fixed and switching topologies are studied. By using the Lyapunov methods, several conditions are derived to achieve the containment control. It is shown that the states of the followers can converge into the convex hull spanned by the states of the leaders if every leader has directed paths to all the followers and the impulsive period is short enough. Finally, some simulations are conducted to verify the effectiveness of the proposed algorithms.
Introduction
Recently, the distribution cooperative control of the multiagent systems has attracted numerous researches due to the extensive applications in the scientific, engineering, biological aspects, and so forth [1] [2] [3] [4] [5] . The very essence of the distribution cooperative control lies in that none of the agents know the states of all the other agents exactly and every agent updates its own states based on the state information from its neighbors. Consensus problems, as a fundamental branch of cooperative control, have been investigated in many literatures with plenty of useful results obtained [6, 7] . In earlier times, the researches mainly focused on the consensus cases where there exists no more than one leader [8] [9] [10] [11] . Zhu and Cheng in [8] considered the consensus of multiagent systems where there exists one leader. Su et al. in [9, 10] mainly investigated the leader-following consensus of linear multiagent systems with one leader and input saturation. Lu et al. [11] studied the finite-time distributed tracking control for multiagent systems with an active leader.
The investigations on consensus problems of multiple leaders [12] [13] [14] [15] [16] [17] [18] [19] , called containment control, are also significant because they are related with many practical applications, such as there are some agents equipped with the detective sensors, while the other less capable agents are driven into the convex hull spanning by the former agents such that all the agents can navigate their trip without any potential danger.
The proposed algorithms in [13, 14] are applied to multiagent systems with linear dynamics. These critical defects limit the validity of the proposed models because the nonlinear systems are ubiquitous in the real world [20] [21] [22] . In this paper, we deal with the containment control of the nonlinear multiagent systems. Compared with the continuous control algorithms [12] [13] [14] [15] [16] [17] [18] [19] , the impulsive algorithms have remarkable superiority as the impulsive controllers are usually simple and practical [23] [24] [25] [26] . In many cases, to achieve the consensus, the continuous regulation and control are not necessary or impossible. Nevertheless, the impulsive algorithms just need to regulate and alter the states of the systems at the impulsive instants. Also, it can be easily seen that impulsive control is effective and efficient in the control of the multiagent systems to achieve consensus. In many real applications, due to the limited switching speed and the transmission of the signals, the next states of the dynamic systems may be concerned not only with the states at this time but also with states of the time before. It is practical and necessary to analyse the systems with time-delay. If the time-delay is not taken into consideration in the system models, inappropriate or even inaccurate results may be obtained. There are some works 2 Mathematical Problems in Engineering [27, 28] that deal with the consensus or synchronization problem with time-delays.
Motivated by the aforementioned discussions, we investigate the achievement of the containment control for the nonlinear multiagent systems with time-delay under both fixed and switching topology in this paper. The proposed impulsive algorithm can achieve the containment control and some sufficient conditions are obtained, which show that, for specific dynamic systems, the containment control can be achieved if the control period of the impulsive algorithms and the feedback gain of the controller satisfy the given conditions. Finally, some numerical simulations are presented to verify the validity of the theoretical analysis.
The outline of this paper is organized as follows. In Section 2, we first give some preliminaries which are essential for the analyses of the multiagent systems. Then, the containment control of the nonlinear dynamic systems with internal time-delays under both fixed and switching topology via impulsive algorithms is considered. In Section 3, some simulations are presented to illustrate the theoretical results. Finally, some conclusions of this paper are drawn in Section 4.
The notions and symbols used in the paper are given as follows. R denotes the set of real numbers. Let be the × identity matrix (or just if no confusion), 1 = [1, 1, . . . , 1] . 0 × is the × matrix with all entries zero. ‖⋅‖ denotes the Euclidean norm. max ( ), min ( ) denote the maximum and minimum eigenvalue of the square matrix , respectively.
Impulsive Containment Control for Nonlinear Systems with Internal Delay
First, we summarize some definitions and results from graph theory that will be used in the paper. Let G = (V, E, A) be a weighted graph consisting of the set of nodes V = {1, 2, . . . , }, the set of edges E ⊂ V × V, and a weighted adjacency matrix A = [ ], , = 1, 2, . . . , . If ( , ) ∈ E, then > 0 and > 0; otherwise, = = 0 and the diagonal entries of A are zero; that is, = 0. A path from node to node is a sequence of edges ( , 1 ), ( 1 , 2 ) , . . . , ( , ), where ( , 1 ), ( 1 , 2 ) , . . . , ( , ) ∈ E. N denotes the set of the neighbors of node , where N = { ∈ V : ( , ) ∈ E}. The Laplacian matrix of graph G is denoted by = [ ] ∈ R × , = ∑ =1 and = − for ̸ = .
Impulsive Containment Control for Nonlinear Dynamic
Systems of Fixed Topology with Internal Delay. Consider a nonlinear dynamic multiagent system with ( + ) agents. Assume that there are leaders and followers. An agent is a leader if the agent does not receive any information from others. Otherwise, it is a follower. The set of leaders is denoted by M = {1, 2, . . . , } and the set of followers is denoted by N = { +1, . . . , + }. Let V = M∪N = {1, 2, . . . , + } be the set of all the agents. The communications among the ( + ) agents are represented by a directed graph G.
The dynamics of the nonlinear multiagent system with internal time-delay are given as follows:
where is the internal delay and ( ) ∈ R and ( ) ∈ R are the state and control input of the th agent, respectively. (⋅, ⋅, ⋅) : R × R × R → R is the nonlinear dynamic of the th agent.
Assumption 1.
The nonlinear function ( , ( ), ( − )) in system (1) satisfies the convex Lipschitz condition. That is, there exist two positive numbers and , such that, for all , , = + 1, . . . , + ,
where ⩾ 0, = 1, . . . , and ∑ =1 = 1.
The initial states of the system (1) are
where ( ) ∈ ([− , 0], R ) and ([− , 0], R ) is thedimensional vector space of continuous functions. In this paper, we consider the case of = 1 and all the results will hold for ( ), ( ) ∈ R ( > 1) by using the property of Kronecker product. From the definitions of the leader and the follower, the Laplacian matrix of the graph G can be partitioned as
where 11 is a × matrix which denotes the communications among the followers. 12 is a × matrix which denotes the communications among the followers and leaders.
Assumption 2. In the graph G, the communications among the followers are undirected and, for each follower, there exists at least one leader that has a directed path to that follower.
From the property of the Laplacian matrix, the following lemma can be obtained.
Lemma 3 (see [17] ). Let Assumption 1 hold. Then 11 is symmetric positive definite and all the entries of −( Definition 4 (see [29] ). A subset of R is said to be convex if (1 − ) + ∈ whenever ∈ , ∈ , and 0 < < 1.
The convex hull of a finite set of points 1 , 2 , . . . , ∈ R ( is a positive integer) is the minimal convex set containing all points in { 1 , 2 , . . . , }. We use co{ 1 , 2 , . . . , } to denote it; that is,
Definition 5. The containment control is achieved in system (1) if, for any initial conditions, ( ) ∈ co{ 1 ( ), . . . , ( )} as → +∞, for all ∈ N. That is, each state of the followers will converge into the convex hull formed by the states of the leaders as → +∞.
To achieve the containment control for the system (1), we propose the following impulsive algorithm:
where > 0 is the feedback gain to be determined and A = [ ] ∈ R × is the adjacency matrix associated with the graph G. The impulsive instants are , = 1, 2, . . ., lim → +∞ = +∞. That is, 1 < 2 < ⋅ ⋅ ⋅ < < ⋅ ⋅ ⋅ is the impulsive instant sequence, where 1 > 0 ; 0 = 0 is the initial time. (⋅) is the Dirac impulsive function.
Using the impulsive algorithm (6) in the system (1), we can obtaiṅ
where Δ ( ) = ( + ) − ( ) and (
For simplification, we assume that ( ), ∈ V, is continuous at the initial time 0 = 0. Assumption 6. The internal delay must be less than the impulsive period. That is, 0 ⩽ ⩽ 0 , where +1 − = 0 , = 1, 2 . . ., is the impulsive period.
According to equality (4), the system (7) can be rewritten aṡ
Let ( ) = ( ) + ( (9), the following equations can be obtained: 
where is an auxiliary constant. 
Proof. Construct a Lyapunov function ( ) = ( ) ( ).
can be obtained. That is,
It is obvious that
Combining inequalities (15) and (16) and the definition of ( ), we can arrive at the following inequality:
From the definition of ( ), we can obtain (
. From system (10), it is easy to see that ( + ) = ( − 11 ) ( ). Thus,
That is,
To prove that the Lyapunov function ( ) is convergent, we construct an auxiliary variable in the following form: 
From inequalities (17) , (19) , and (20), it is obvious that, for all > 0, 0 ⩽ ( ) ⩽ ( ). And the solution of (20) satisfies the following integral equation: (22) where ( , ), ( , ⩾ 0), is the state transition matrix of the system (21).
When < < +1 and −1 < < , = 1, 2, . . ., we can arrive at
From inequalities (11) and (12), we can obtain
Let = −(2 + ) − /2 and 2 ln( )/ 0 = . From condition (13) , it is obvious that < −4( + ) and > 0. Accordingly, inequality (23) can be rewritten:
Thus, from equality (22), we can obtain
for ⩾ 0. Let ( ) = − + . Then, ( ) = 0 has a unique solution * > 0 because ( ) is a strictly monotonic function( ) = 1 + > 0 and (0) = − + < 0, (+∞) > 0. According to − > 0 and − * > 0 when − ⩽ ⩽ 0, we can get
where − ⩽ ⩽ 0. And we can prove that inequality (27) is true for ⩾ 0 in the following. Suppose that inequality (27) is not held; there must exist a such that
However, from (26) and (29), we can obtain
Combine the fact that * = − * and we can get
which contradicts inequality (28) . Thus, (27) can hold for > 0. As → 0, then
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This completes the proof.
Remark 9.
For the special case with only one leader, the final states of the followers will track the leader under the conditions in Theorem 8. That is, ( ) → ( ), as → ∞, where ∈ N and ( ) is the state of the leader.
Impulsive Containment Control for Nonlinear Dynamic Systems of Switching Topology with Internal Delay.
In the following, we propose the impulsive algorithms to achieve the containment control for nonlinear systems with switching topologies. Consider the nonlinear system (1) in the switching cases; the proposed impulsive algorithm is
where > 0 is the feedback gain. Using the impulsive algorithm (34), the system (1) can be rewritten aṡ(
where Δ ( ) = ( + ) − ( ) and assume that ( ) is lefthand continuous at = , = 1, 2, . . ., ∈ N. Obviously, ( ) is continuous when ∈ M. For simplicity, we assume that ( ) is continuous at 0 = 0, ∈ N.
Let
From (4) and (35), we can arrive aṫ 
where ∈ {1, 2, . . . , }, = 1, 2, . . .. To simplify the presentation, define the constant numbers that satisfy the following equality:
(39)
Theorem 10. Suppose that Assumption 2 is satisfied in every subsystem of (38)
and Assumptions 1 and 6 are held. The system (1) with switching topologies using impulsive algorithm (34) achieves the containment control if
where is an auxiliary constant.
Proof. Construct a Lyapunov function ( ) = ( ) ( ); then ( ) is piece continuous and positive definite. It is obvious that ( ) is left-hand continuous at = , = 1, 2, . . .. Now consider the time interval ( −1 , ], = 1, 2, . . .. When ∈ ( −1 , ], owing to Assumption 1, the differential of the ( ) with regard to (38) iṡ 
( ) ( − ) ⩽ ( ) ( ) + ( − ) ( − ) . (44)
As a consequence, we obtaiṅ
It follows from (38) that (
Combine the definition of ( ) and in equality (39); we can obtain
where = 1, 2, . . ., ∈ {1, 2, . . . , }.
To prove the Lyapunov function ( ) is convergent, we construct an auxiliary variable in the following form:
where the initial states of ( ) = ‖ ( )‖ 2 , − ⩽ ⩽ 0, > 0, = 1, 2, . . ., where ( ) = ( )+(
where = 1, 2, . . .. From (45), (46), and (47), it is obvious that, for all > 0, 0 ⩽ ( ) ⩽ ( ). And the solution of (47) satisfies the following integral equation: (49) where ( , ), ( , ⩾ 0), is the state transition matrix of the system (48).
When < < +1 and −1 < < , we can arrive at
From inequalities (40) and (41), we can obtain
Let = −(2 + ) − /2 and 2 ln( )/ 0 = . Then, from inequality (42), we can get < −4( + ) and > 0. Accordingly, inequality (50) can be rewritten as follows:
Thus, from (49), we can obtain
Let ( ) = − + . Then, ( ) = 0 has a unique solution * > 0 because ( ) is a strictly monotonic function( ) = 1 + > 0 and (0) = − + < 0, (+∞) > 0. It is obvious that the following inequality is satisfied:
where − ⩽ ⩽ 0. Then we can prove that inequality
is true in the following. Suppose that inequality (55) is not held; there must be a such that
However, from (53) and (57), we can obtain
which contradict inequality (56). Thus, (55) can hold for > 0.
Remark 11. For the special case with only one leader, the result obtained in Theorem 10 also holds. And the final states of the followers will track the leader's state.
Remark 12.
The fixed communication topology in Section 2.1 can be viewed as a special case in the switching topology case. The achievement of the containment control in the fixed topology systems is the fundamental problem and it contributes to the proof procedure of the switching counterpart.
Remark 13. The design procedure of the impulsive controller in Theorem 8 is that first, according to the communication topology of the graph G and inequality (11) , the region of can be ascertained. Then, we choose an appropriate constant . From conditions (12) and (13), we can derive the region of the feedback and the impulsive period 0 . Choosing the appropriate and 0 , the containment control can be achieved. The counterpart under switching topology in Theorem 10 is similar and we omit it. The states of the agents in system (1) with fixed topology using impulsive algorithm (6).
Simulations
In this section, we give some examples to verify the theoretical analysis. The communication graphs are shown in Figure 1 .
The agents labeled as 6 and 7 are the leaders and the agents labeled as 1, 2, 3, 4, and 5 are the followers.
Example 1. According to Figure 1 , the communication graph (1) satisfies the Assumption 2. Consider that the system (1) with the nonlinear dynamic is ( , ( ), ( − )) = ( ) sin( ) + 0.5 ( ) sin( − ), ∈ V. Obviously, Assumption 1 is satisfied in the system and the corresponding parameters are = 1 and = 0.5, respectively. Using the proposed impulsive containment control algorithm (6), the simulation results are shown in Figure 2 . From condition (11) in Theorem 8, the regions of should be 0.8774 < < 1. In this case, we choose = 0.9 and, according to conditions (12) and (13), it is obvious that the region of and the impulsive period 0 are 0.3263 ⩽ ⩽ 0.4048 and 0 < 0.0351, respectively. We choose = 0.38 and 0 = 0.03. Suppose the time-delay = 0.01. Obviously, Assumption 6 is satisfied in the system (1). From Figure 2 , it is obvious that the final states of the followers converge into the convex hull formed by the leaders.
Example 2. The graphs of the communication topology are shown in Figure 1 . Now consider the nonlinear system ( , ( ), ( − )) = ( ) sin( ) + 0.5 ( ) sin( − ), ∈ V, with switching topologies. It is clear that the four topologies in Figure 1 satisfy Assumption 2 and the dynamics of the system satisfy Assumption 1. In every time interval ( −1 , ], = 1, 2, . . ., the communication topology is chosen from Figure 1 randomly. Using the impulsive algorithm (34), the simulation result of the nonlinear system with switching topologies is shown in Figure 3 . According to the conditions in Theorem 10, the region of is > 0.9273 and we choose = 0.93. According to condition (41), the feedback gain should choose from 0.3755 ⩽ ⩽ 0.3907 and we choose = 0.38. From inequality (42), the impulsive period 0 should be less than 0.0242 and we choose 0 = 0.02. And suppose that the time-delay = 0.01, which satisfies Assumption 6. From Figure 3 , we can get that the containment control is achieved and the follower's states converge into the convex hull spanned by the multiple leaders. The final states of the followers ( ) converge to (− 
Conclusions
This paper has considered the nonlinear multiagent systems with time-delay of multiple leaders. When the topologies in the nonlinear systems are fixed, an impulsive control algorithm is proposed and some useful sufficient conditions to achieve containment control are obtained. Also, the nonlinear systems under switching topologies are considered. Using the proposed impulsive algorithms, the final states of all the followers will converge into the convex hull formed by the states of the leaders. Finally, some simulations are given to illustrate our theoretical analyses.
